A novel optical device is designed and fabricated in order to overcome the limits of the traditional sorter based on log-pol optical transformation for the demultiplexing of optical beams carrying orbital angular momentum (OAM). The proposed configuration simplifies the alignment procedure and significantly improves the compactness and miniaturization level of the optical architecture. Since the device requires to operate beyond the paraxial approximation, a rigorous formulation of transformation optics in the non-paraxial regime has been developed and applied. The sample has been fabricated as 256-level phase-only diffractive optics with high-resolution electron-beam lithography, and tested for the demultiplexing of OAM beams at the telecom wavelength of 1310 nm. The designed sorter can find promising applications in next-generation optical platforms for mode-division multiplexing based on OAM modes both for free-space and multi-mode fiber transmission.
Introduction
Since the seminal paper of Allen and coworkers in 1992 [1] , light beams carrying orbital angular momentum (OAM) have known increasing interest and applications in a wide range of fields [2] : particle trapping and tweezing [3] , high-resolution microscopy [4, 5] , astronomy [6] , holography [7] , information and communication technology, both in the classical [8] and single-photon regimes [9] . Such beams are endowed with a set of ℓ intertwined helical wavefronts wrapping around a central dark singularity, being ℓ the amount of OAM per photon in units of . While the polarization state is described in a two-dimensional basis, the OAM degree of freedom opens to an unbounded state space, in which light beams carrying different integer OAM values are orthogonal to each other [10] . The possibility to exploit many optical carriers propagating at the same frequency with no interference, has aroused particular attention in the telecom field [11] , which is constantly pursued by the worldwide restless demand for increasing bandwidth [12] . Besides wavelength, polarization, time, and amplitude/phase, the modulation and multiplexing of OAM promise to provide a significant increase in the information capacity of today's optical networks [13] , both for free-space [14] and optical fibers communication [15, 16] . However, the implementation of OAM-mode division multiplexing (OAM-MDM) in a real scenario is still restrained by the lack of the commercial devices to perform optically the typical operations required in an optical link.
In the specific, a pivotal part of a communication link based on OAM-MDM is represented by the so-called multiplexer, i.e. the device located at the transmitter side allowing to generate a bunch of collimated and superimposed orthogonal beams with different OAM values. At the receiver, the beams are sorted by the demultiplexer, usually constituted by a multiplexer working in reverse. In the last decades, many solutions have been designed and presented in literature, exhibiting different levels of efficiency, complexity, and integration [17] .
One of the most effective and preferred methods is based on the exploitation of transformation optics implementing a log-pol coordinate change, as demonstrated for the first time by Padgett's group in 2010 [18] . The underlying idea consists in converting the azimuthal phase gradients typical of OAM beams into linear phase gradients, i.e. tilted plane waves, which can be focused at distinct points, i.e. demultiplexed, by means of a common lens. This transformation is performed optically by a sequence of two elements: the first one, the un-wrapper, is designed to transform the input annular distribution into a linear one, while the second, the phase-corrector, compensates for phase-distortions and restores the linear phase gradients. In its first realization, this sorting scheme was introduced using spatial light modulators (SLMs) [18] , and later with bulky refractive optical components [19] , providing higher efficiency. In the quest for miniaturization, refractive 3D micro-optics have been shown [20] , however for limited extent of OAM range sorting. More recently, we took another significant step forward miniaturization and integration by realizing the optics in a diffractive form [21, 22] . The same setup has been demonstrated to work as a multiplexer, in reverse [22] [23] [24] .
A critical limitation of this sorting architecture is the need for two distinct optical elements which are notoriously difficult to align, making it very arduous to obtain output beams of good quality unless the two elements are perfectly planar, coaxial and aligned to each other, especially with short focal lengths, i.e. high miniaturization level. This represents a critical limiting factor in view of a future industrial realization and packaging of the device, where micro-optics should altogether be perfectly aligned at the production stage. In a previous configuration [21] , taking advantage of the doughnut intensity distribution of OAM modes, the unwrapper optics was centered around the phase-corrector, and a separated mirror was used for back-reflection. While that layout could greatly simplify the alignment operation, since the two optics resulted aligned by design, on the other hand it imposed severe limitations on the input intensity distribution, which could not exceed the annular area of the unwrapper, notwithstanding its larger dimension. Moreover, despite the reduction in the degrees of freedom, a second optical element, i.e. a mirror, was still required.
In this work, in order to further overcome those drawbacks, we conceive a new optical configuration where the two elements are arranged side-by-side on the same facet of a transparent quartz slab. By adding a tilt to the first element, i.e. the unwrapper, the unwrapping beam illuminates the sample area again after back-reflection, without overlapping with the first zone. However, under this conditions, the traditional formulation of the log-pol phase patterns is no longer valid, and a more rigorous approach is necessary in order to compute the new phase patterns in the non-paraxial regime. In addition, the back-side facet of the slab was made reflective, then integrating the mirror required for back-reflection into a single optical device. A sample has been fabricated and designed for the telecom wavelength of 1310 nm on a commercial quartz slab, and tested for the sorting of OAM beams in the range from ℓ=-10 to ℓ=+10.
This new architecture addresses the important issue of being miniaturized down to few millimeters size and compatible with mass-production techniques. Moreover, the dramatic reduction in the degrees of freedom can significantly improve the integration level and provide a compact and full-optical device for next-generation optical boards implementing OAM-mode division multiplexing.
Theory and design
The demultiplexing method based on transformation optics performs a conformal mapping between orbital angular momentum and linear momentum states. The unitary transformation is achieved by a sequence of two elements [18] : un-wrapper and phase-corrector. The first one implements the desired log-pol coordinate transformation [26, 27] between two points (x, y) and (u, v), where u=-a•log(r/b) and v=a•φ, being (r, φ) polar coordinates on the plane xy, and (a, b) design parameters The second element restores the linear phase gradient compensating for the different paths travelled by each point of the wavefront. In other words, it performs the inverse transformation when the sequence is illuminated in reverse. Finally, a Fourier lens focuses the beam at a position y ℓ =ℓ•Δs, proportional to the OAM value, being Δs=fλ/(2πa), as depicted in Fig. 1(a) . By adding a tilt to the first phase pattern, i.e. the un-wrapper, the unwrapping beam propagates with a non-null angle and after back-reflection illuminates the second element performing phase-correction. The two elements are patterned side-by-side on the same facet of the optical device.
In the new configuration, the transformed beam needs to be axially-displaced by a quantity c, therefore the optical transformation is defined by: 
With the introduction of the shift term c, the phase pattern of the un-wrapper in the paraxial approximation is given by:
being f the distance between un-wrapper and phase-corrector. For c=0, the traditional expression is obtained [18] . As depicted in Fig. 1(b) , the unwrapping beam is back-reflected and illuminates the second pattern, i.e. the phase-corrector, placed side-by-side on the same plane with respect to the un-wrapper. It is worth noting that the beam propagation is inside a dielectric medium, i.e. no longer in air, therefore a precise estimation of the refractive index for the selected working wavelength is needed in order to optimize the design of the optical path. In addition, the focal length of the two confocal elements must be twice the thickness of the transparent slab. Assuming the paraxial formulation in Eq. (2) for the un-wrapper term, we performed a numerical simulation of the output beam for increasing values of the off-axis shift c. As Fig. 2 shows for an input Laguerre-Gaussian (LG) beam with OAM ℓ=+5, the deviation from the linear intensity pattern increases with the lateral displacement of the beam. The distortion dramatically affects the final spot shape, and therefore the capability of the sorter to correctly separate OAM beams. Refractive index of the medium n=1.4467. In (a.1-6) brightness and colors refer to intensity and phase, respectively.
In order to calculate the unwrapper phase pattern in the non-paraxial regime, we apply the stationary phase approximation to the Rayleigh-Sommerfeld integral. The field at a distance f for an input plane-wave U (in) illuminating the phase-only un-wrapper with phase function Ω UW is given by [25] :
By applying the stationary phase approximation [27] , we assume that all contributions from the above integral vanish except about the saddle points of the phase function:
The condition 0   leads to the following system of partial derivatives of Ω UW unknown:
Substituting the relations for the coordinates (u, v) as defined by the log-pol optical transformation in Eq. (1), the un-wrapper phase function can be obtained from a numerical integration. Afterwards, the phase pattern Ω PC of the corresponding phase-corrector can be calculated by numerically propagating a Gaussian plane wave illuminating the un-wrapper term. The rigorous solution of the diffracted field U can be expressed in the convolution form of Eq. (3) as:
where FT and FT -1 are the Fourier transform and its inverse, respectively. Finally, the phase profile for the phase-corrector is given by:
As Fig. 3 shows, this new formulation of the un-wrapper term (and of the phase-corrector, consequently), allows performing the correct coordinate transformation. The input beam is correctly unwrapped and illuminates the phase-corrector plane with a linear intensity distribution. The beam emerging from the phase-corrector presents a linear phase gradient, without the intensity and phase distortions introduced by a paraxial formulation of the unwrapper (as in Fig. 2(a.6) and 2(b.6) ). Fig. 3 . Numerical simulation of a LG beam with ℓ=+5 after illuminating the un-wrapper element, placed in z=0, calculated in the non-paraxial regime. With respect to Fig. 2(a.6) , the beam is correctly transformed at the focal plane (z=f), and the linear phase gradient is retained after illuminating the corresponding phase-corrector. Parameters of the log-pol transformation: a=120 μm, b=700 μm, f=4.572 mm, c=1.250 mm. Working wavelength λ=1310 nm. Refractive index of the medium n=1.4467. Brightness and colors refer to intensity and phase, respectively.
Fabrication
The designed phase-patterns have been fabricated as surface-relief diffractive optics using high-resolution electron-beam lithography (EBL) on a resist layer [28, 29] . By locally controlling the released electronic dose, a different dissolution rate is induced in each zone of the exposed polymer, giving rise to a spatially-variant thickness after the development process. A dose-depth correlation curve, the so-called contrast curve, coupled with an accurate proximity compensation of the local dose, was required to calibrate the correct electron-dose and obtain the desired thickness for the surface relief pattern. In this work, the optics have been fabricated by patterning a layer of negative resist (AR-N 7720.30, Allresist), spin-coated on a quartz slab (resist thickness around 3 μm), and prebaked for 30 min at 85°C. The thickness of the slab is 2.286 mm, and the refractive index of the medium, measured with spectroscopic ellipsometry (J.A. Woollam VASE, 0.3 nm spectral resolution, 0.005° angular resolution) is 1.4467 at the working wavelength of 1310 nm. A 100-nm thick chromium layer was evaporated at the back side of the quartz slab. The resist exposure was performed with a JBX-6300FS JEOL EBL machine in high-resolution mode, 12 MHz, generating at 100 KeV and 100 pA an electron-beam with a diameter of 2 nm, providing a resolution down to 5 nm. At the experimental wavelength of the laser (λ = 1310 nm), the refractive index of the resist was assessed to be n R = 1.6450, as measured again with the spectroscopic ellipsometer. For a given phase pattern of Ω(x, y), the depth t(x, y) of the exposed zone for normal incidence in air is given by:
The fabricated optics were made of square-pixels matrices with 256 phase levels. For the given wavelength, the maximal depth of the surface relief pattern was found to be 2031 nm using Eq. (8), with a thickness resolution of Δt = 8 nm in the case of 256 steps. By using custom numerical codes, the phase pattern of the simulated optics was converted into a 3D multilevel structure, which was in turn transformed into a map of electronic doses. A dose correction for compensating the proximity effects was required, in order both to match the layout depth with the fabricated relief and to obtain a good shape definition, especially in correspondence of phase discontinuities.
After exposure, a crosslinking bake was performed at 100°C for 60 minutes, followed by a post-baking process at 70°C for 2 hours in order to improve surface roughness. Finally, samples were developed for 510 s in AR 300-47 developer (Allresist). After development, the optical elements were gently rinsed in deionized water and blow-dried under nitrogen flux. The quality of the fabricated diffractive optics was inspected with scanning-electron microscopy (SEM), as shown in Fig. 4 . 
Optical characterization
The optical behavior of the sample has been tested for illumination under Laguerre-Gaussian (LG) beams carrying orbital angular momentum, generated with a liquid-crystal on Silicon (LCoS) spatial light modulator (X13267-08, Hamamatsu, pixel pitch 12.5 μm) using a phase and amplitude modulation technique [30] . The output of a DFB laser (λ=1310 nm) was collimated at the end of the single mode fiber with an aspheric lens of focal length f F =7.5 mm (A375TM-C), linearly polarized and expanded with a first telescope (f 1 =3.5 cm, f 2 =10.0 cm) before illuminating the display of the SLM. A 50:50 beam-splitter was inserted after the telescope. Then, a 4-f system (f 3 =20.0 cm, f 4 =12.5 cm) with an aperture in the Fourier plane was used to isolate and image the first-order encoded mode on the sorter. A second 50:50 beamsplitter was used to split the beam and check the intensity profile with a first camera (WiDy SWIR 640U-S, pixel pitch 15 μm). Afterwards, the OAM beam illuminated the first patterned zone of the device, mounted on a 6-axis kinematic mount (K6XS, Thorlabs). The planarity of the sample was correctly tuned in order to impinge normally on the un-wrapper and make the back-reflected transformed-beam illuminate the phase-correcting pattern properly. Then, the far-field of the beam emerging from the front-side facet was collected by a second camera (WiDy SWIR 640U-S) placed at the back-focal plane of a lens with focal length f 5 =7.5 cm. Fig. 5 . Scheme of the experimental setup used for the optical characterization of the fabricated sorter. The DFB laser output (λ=1310 nm) is collimated at the end of the single mode fiber with an aspheric lens with focal length fF=7.5 mm, linearly polarized (P1) and expanded (f1=3.5 cm, f2=10.0 cm). The SLM first order is filtered (D1) and resized (f3=20.0 cm, f4=12.5 cm) before illuminating the sorter. A beam splitter (BS) is used both to check the input beam with a first camera (CCD#1) and collect the sorter output at the focal plane of a fifth Fourier lens (f5=7.5 cm) with a second camera (CCD#2). The compact diffractive sorter (CDS) is mounted on a 6-axis sample holder.
The optical performance was characterized by illuminating the sorter with LG beams carrying OAM in the range from -10 to +10 and recording the output intensity profiles. In Fig.  6 , the input and output intensity patterns are reported for illumination under superposition of two LG beams with opposite OAM value with ℓ from 0 to 10. The superposition of two LG beams with opposite ℓ presents an intensity distribution with 2ℓ petals, as shown in Fig. 6(a) . As expected, the sorter separates correctly the two contributions, giving rise to two distinct spots whose axial displacement increases linearly with the OAM value ( Fig. 6(b) ). In Fig. 7 , the position of the far-filed spot is plotted as a function of the input ℓ, exhibiting a perfect accordance with the theory. The area of the camera was divided into rectangular regions of interest, centered on each elongated spot in far-field and with the width given by the minimum distance between any two adjacent channels. By integrating the total intensity, the relative modal power and modal cross-talk XT j of the jth OAM channel could be determined using the definition [29] :
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being I j,ALL the signal at the jth channel when all the input channels were on, j included, while I ALL/j is the same measure when the jth input channel was off. As shown in Fig. 8 , the system exhibits a good diagonal response, but the slight overlap between adjacent channels, due to the non-null width of the far-field spots (see Fig. 6(b) ) causes a spread of the input energy over the first-neighboring OAM values, which badly affects the inter-channel cross-talk. The average cross-talk resulted to be -(5.28 ± 1.21) dB.
A further improvement could be achieved by considering a sparse mode set, i.e. choosing non-consecutive OAM values, as shown in [21] , however at the expense of discarding many channels. An alternative solution consists in including a fan-out element in cascade [31] to create multiple copies extending the phase gradient of the sorted beam, which is focused at the same position as before but with a narrower width, thus improving the separation between spots. This solution can dramatically reduce the channel overlap without sacrificing modal density. The fan-out optical operation could be included in the un-wrapper element, and the phase-corrector redesigned accordingly, as shown in [32, 33] , therefore maintaining the compactness and integration level of the optical device. 
Conclusions
A formulation of log-pol transformation optics has been developed in the non-paraxial regime, and exploited for the design of a novel compact device for OAM demultiplexing. The new approach replaces the usual phase patterns of the traditional sorter, whose validity was limited to the paraxial approximation, and integrates all the required optical elements into a single compact platform.
The two required phase-patterns, i.e. un-wrapper and phase-corrector, have been fabricated in the form of phase-only diffractive optics by patterning a thin layer of resist with high-resolution electron-beam lithography. By adding an axial displacement to the optical transformation, the two patterns have been arranged side-by-side on the same substrate, and a reflective surface has been used for back-reflecting the unwrapping beam onto the phasecorrecting pattern. In the proposed configuration, the diffractive patterns and the reflective surface belong to two opposite sides of a single transparent slab, dramatically reducing the degrees of freedom and significantly improving compactness, integration and alignment. As a matter of fact, the fabrication technique and the new optical scheme remarkably improve the miniaturization level and the compactness of the system, making feasible its integration. This solution avoids bulky refractive/reflective elements and provides a compact single-block sorter, without the need for aligning many separated elements. The optical device has been designed for the telecom wavelength of 1310 nm, and optically characterized for the demultiplexing of beams with OAM in the range from -10 to +10. The possibility to replicate the fabricated optics with fast mass-production techniques, such as nano-imprint lithography [33, 34] , which can provide high-throughput and much lower production costs, makes these optical elements promising for integration into optical platforms for MDM.
These results pave the way for practical OAM multiplexing and demultiplexing devices for use both in classical and quantum communication. In addition, the approach underlying the design of transformation optics in the non-paraxial regime, with the application of the stationary phase approximation to the Rayleigh-Sommerfeld propagation integral, could be extended and applied to the design of a wide range of optical elements working beyond the paraxial approximation.
